In the search for the mechanism of high-temperature superconductivity, intense research has been focused on the evolution of the spin excitation spectrum upon doping from the antiferromagnetic insulating to the superconducting states of the cuprates. The twenty-fifth anniversary of the discovery of high-temperature superconductivity is approaching without a clear and compelling theory of the mechanism underlying this phe- At lower energies, we can see in both compounds an inelastic feature centered around 250 meV and a resolution-limited elastic peak.
primary flux of currently available high-energy neutron beams. Because of intensity constraints, even the detection of undamped spin waves in antiferromagnetically ordered cuprates over their full band width of ∼ 300 meV has required single-crystal samples with volumes of order 10 cm 3 , which are very difficult to obtain. [21] [22] [23] [24] Doping further reduces the intensity of the INS profiles and exacerbates these difficulties.
Here we take advantage of recent progress in the development of high-resolution resonant inelastic x-ray scattering (RIXS) in order to explore magnetic excitations in a wide energy-momentum window that has been largely hidden from view by INS. Experiments on undoped cuprates have shown that RIXS with photon energies at the Cu L 3 absorption edge is sensitive to single-magnon excitations [13] [14] [15] [16] Figure 1 shows a sketch of the scattering geometry of infrared (MIR) region of the spectra (Fig. 1e) for energy losses below ∼ 500 meV following the method employed in Ref. 27 . In the π scattering geometry, this leads to (i) an intense resolution-limited peak around 250 meV, (ii) a high-energy tail of this peak centered around 400 meV, and (iii) a weak low-energy contribution around 100 meV. In the σ scattering geometry, feature (i) is strongly suppressed. This polarization dependence allows us to assign this feature to a single-magnon excitation, in agreement with theoretical considerations 16, 25 and previous investigations on other cuprates. [14] [15] [16] 27 This assignment is further confirmed by the disappearance of the MIR inelastic response as the incident photon energy is moved away from the Cu-L 3 ab sorption edge (not shown). The weak features (ii) and (iii) are associated with higher-order spin excitations and lattice vibrations (single and multiple phonon excitations that are not individually resolved), respectively.
The energy of the single-magnon feature in NdBCO 6 depends strongly on q // (left panel of Fig. 2 ). Since the lineshape of the MIR spectrum is q // -independent, the fitting procedure described above can be used to obtain the magnon dispersion relation. The result displayed in ). The result of the calculation of the relative intensities of these two branches for our scattering geometry is displayed in the inset of Fig. 3a . It shows that close to the Brillouin zone center the gapped optical branch dominates. Fitting our data using the spinwave dispersion calculated for a bilayer in the framework of a simple Heisenberg model, [21] [22] [23] we obtain J // =133 ± 2 meV and J ⊥ =12 ± 3 meV for the intra-and inter-layer exchange constants, respectively, in excellent agreement with the values obtained in antiferromagnetic YBCO 6+x .
22,23
We now turn to the doped systems. Figure 2 provides a synopsis of the experimental spectra for all systems investigated here, which span a wide range of doping levels: undoped We have thus demonstrated the existence of paramagnons, i.e. damped but well-defined, dispersive magnetic excitations, deep in the Stoner continuum of cuprates with doping levels beyond optimal doping. Their spectral weights are similar to those of spin waves in the undoped, antiferromagnetically ordered parent material.
In order to obtain insight into the origin of this surprising observation, we have performed The calculated imaginary part of the spin susceptibility is shown in Fig. 4a for different hole concentrations. In the undoped case, one can observe two peaks in the imaginary part of the spin susceptibility: an intense peak corresponding to the single-magnon excitation, and a weaker feature at higher energy corresponding to higher-order processes. The single-magnon peak clearly disperses, although its energy is slightly above the value expected from linear spin-wave theory (dotted lines), due to the finite size of the cluster. In the inset of Fig. 4a , we present the energy-integrated magnetic intensity in the (H,K,0) reciprocal plane. As expected, the intensity for in the u ndoped situation is strongly peaked at Q AF , and rather uniformly distributed in the rest of the plane. As holes are added to the clusters, the magnetic spectral weight strongly decreases only around Q AF , but remains essentially constant everywhere else.
This can also be seen in 
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Measurements
The RIXS measurements were performed at the ADRESS beam line 5 of the Swiss Light Source (Paul Scherrer Institute, Switzerland) using the high-resolution SAXES spectrometer. 6 The resonant conditions were achieved by tuning the energy of the incident x-ray to the maximum of the Cu L 3 absorption peak, around 931 eV. The total momentum transfer is 0.855 Table I 
Data Analysis
The data on the parent compound were analyzed using resolution- 
convoluted with the Gaussian resolution function (HWHM = 65 meV). Note that in the case of doped systems, we are not able to separate the vibrational contribution to the inelastic response from the magnetic one. This may result in a slight, systematic overestimate of the intrinsic HWHM of the magnetic excitation plotted in Fig. 3c in the main text. As in the undoped case, this contribution does not account for more than 10 % of the total inelastic spectral weight (the inelastic intensities plotted in Fig. 3d all include this vibrational contribution).
In Supplementary Figure 1 , the x-ray absorption spectra close to the Cu L 3 absorption edge (normal incidence, π polarization) are shown for each of the investigated compounds.
These measurements were taken on beamline ID08 at the European Synchrotron Radiation The Eliashberg calculations were performed with the vertex function of the t − J model,
where ε k = −2t(cos k x + cos k y ) − 4t cos k x cos k y represents the bare electronic dispersion and γ q = (cos q x + cos q y )/2. 9 The values of the model parameters used in our calculation are t = 400 meV, t = −t/3, and J = 130 meV. As input we used the
, which provides an excellent description of both the experimental data and the spin susceptibility resulting from the exact-diagonalization calculations. The parameters ω q and Γ q denote the paramagnon dispersion and damping (full width at half maximum), respectively. We take Supplementary Figure 4 gives an overall picture of T c as a function of the damping Γ (chosen to be independent of q) and the spin gap at Q AF . Apparently, non-damped spin waves with a suitably high energy at Q AF are optimal as the pairing mediators. T c decreases when the damping increases and/or when the spin gap deviates from its optimum value, ω Q ∼ 100 meV. 
